In order to better understand the fundamental issue regarding the compatibility between the 
I. INTRODUCTION
The usefulness of the 1/N c expansion method [1] [2] [3] [4] to describe ground state baryons has been clearly demonstrated [5] [6] [7] . It is based on the contracted spin-flavor symmetry SU(2N f ) that emerges in large N c QCD. For excited baryons the problem is more involved and needs more investigations.
There are two complementary pictures of large N c for the baryon resonances. Using the terminology of Refs. [8] [9] [10] [11, 12] . For N c = 3 each band contains a number of SU(6) × O(3) multiplets. A practical and commonly used procedure is to consider an excited state as a single quark excitation about a spin-flavor symmetric core [13, 14] . The N c counting is implemented by introducing operators that break the SU(2N f ) symmetry in powers of 1/N c . The coefficients of these operators encode the quark dynamics and are fitted from experiment.
(ii) the resonance or scattering picture derived from symmetry features shared by various chiral soliton models. The role of large N c QCD is to relate the scattering amplitudes in various channels with K-amplitudes, where K is the grand spin K = I + J. These are linear relations in the meson-nucleon scattering amplitudes from which one can infer some patterns of degeneracy among resonances.
For the nonstrange lowest negative parity baryons belonging to the [70, 1 − ] multiplet (the N = 1 band in quark model terms ) Cohen and Lebed have shown [8] that the two pictures share the same pattern of degeneracy from which they concluded that the two pictures are generically compatible. Simultaneously with Cohen and Lebed, Pirjol and Schat [9] found the same sets of degenerate states, corresponding to irreducible representations of the contracted SU(4) c symmetry and the three degenerate multiplets obtained by them were called three towers of states. Moreover, to the three leading-order operators in the mass formula they added 1/N c corrections and reanalyzed the mass spectrum of the lowest negative parity nonstrange baryons. They found ambiguities in the identification of physical states with N c = 3 with the degenerate large N c tower states.
One should also mention that in the SU(4) case, prior to Refs. [8, 9] , the degeneracy of multiplets corresponding to irreducible representations of the contracted SU(4) c symmetry was first discussed by Pirjol and Yan in Ref. [15] .
Later on, the compatibility between the two pictures was discussed on a general basis again by Cohen and Lebed [10] . By full compatibility it was understood that any complete spin-flavor multiplet within one picture fills the quantum numbers in the other picture.
The analysis involved group theoretical arguments and the nature of quark excitations in a hedgehog picture. The compatibility was generally claimed for completely symmetric, mixed symmetric and completely antisymmetric states of N c quarks having angular momentum up to ℓ = 3. However an explicit proof regarding the degeneracy of mass eigenvalues in the quark-shell picture is known only for ℓ = 1 [8, 9] . For symmetric states with ℓ = 0 and 2 it is inferred from previous studies [5] [6] [7] and [16] respectively. Similar arguments hold for symmetric ℓ = 4 states as well [17] .
The aim of the present work is to give an explicit analytical proof of the degeneracy of mass eigenvalues in the quark-shell picture for ℓ = 3 and present its pattern of degeneracy as compared to that of the meson-nucleon scattering picture. For this purpose we use the Hamiltonian of Ref. [8] and calculate all the possible eigenvalues. We find a pattern of degeneracy which is compared to that given in Ref. [10] from general arguments and discuss the compatibility of the two pictures explicitly.
II. THE QUARK-SHELL PICTURE
In the quark-shell picture the authors of Ref. [8] start from the leading-order Hamiltonian including operators up to order O(N 0 c ) which has the following form [14] 
This operator is defined in the spirit of a Hartree picture (mean field) [2] where the matrix elements of the first term are N c on all baryons, and the spin-orbit term ℓ · s which is a one-body operator and the third term -a two-body operator containing the tensor ℓ We remind that the SU (4) 
From its form one can see that the Hamiltonian (1) incorporates the property that the characteristic N c scaling for the excitation energy of baryons is N 0 c [2] . The spectrum obtained from the Hamiltonian (1) is identical to that derived by Pirjol and Schat [9] for ℓ = 1. Note that the third operator of Ref. [9] contains an extra factor of 3, which should be taken into account when comparing the eigenvalues.
Below we give the mass matrices obtained from the Hamiltonian (1) for ℓ = 3. As we shall see, this Hamiltonian has the remarkable property that for ℓ = 3 as well, its eigenvalues are simple linear expressions in the coefficients c i , which makes the discussion very convenient. 
with S = 1/2 and J = 5/2, 7/2
with S = 3/2 and J = 3/2, 5/2, 7/2, 9/2.
They give rise to matrices of a given J either 2 × 2 or 1 × 1. States of symmetry [N c − 1, 1] SF with S = 5/2, like for ∆ (see below), which together with ℓ = 3 could give rise to J = 11/2, are not allowed for N, by inner products of the permutation group [18] . Therefore the resonance N 11/2 should belong to the N = 5 band (ℓ = 5), as suggested in the before last section. For N c = 3 the above states belong to the 2 8 and 4 8 multiplets of SU(2) × SU (3) respectively.
We calculate the matrix elements using the formulas from Appendix A. The expectation value for the ℓ = 3 N 3/2 state is
The matrix for
Its eigenvalues are
and its eigenvalues are
The expectation value of the N 9/2 is
B. The ∆ case
We have the following basis states in the spin-flavor space compatible with the orbital
with S = 1/2 and J = 5/2, 7/2,
with S = 3/2 and J = 3/2, 5/2, 7/2, 9/2,
with S = 5/2 and J = 1/2, 3/2, 5/2, 7/2, 9/2, 11/2.
As above, they indicate the size of a matrix of fixed J. For N c = 3 the first state belongs to the 2 10 multiplet. The other two types of states do not appear in the real world with N c = 3.
Note that both for N J and ∆ J states the size of a given matrix equals the multiplicity of the corresponding state indicated in Table 1 of Ref. [10] for ℓ = 3.
The expectation value for the ∆ 1/2 state is
The matrix for ∆ 3/2 is
The eigenvalues of this matrix are
For ∆ 5/2 we have
For ∆ 7/2 we obtain
and the eigenvalues of this matrix are
For ∆ 9/2 we obtain
with eigenvalues
Finally, the expectation value of the ∆ 11/2 one component state is
It is remarkable that the 18 available eigenstates with ℓ = 3 fall into three degenerate multiplets, like for ℓ = 1. If the degenerate masses are denoted by m ′ 2 , m 3 and m 4 we have
The masses (27)-(29) are indicated in Column 2 of Tables I-III for comparison with results obtained below from the resonance picture amplitudes. Here, the notation m K (or m ′ K ) is used for the calculated masses while in Ref. [10] the m K associated with ℓ = 3 are generic names related to poles in the reduced amplitudes. One can notice that m 2 found in Ref. [8] for [11] . A more extensive discussion is given at the end of the next section.
III. THE MESON-NUCLEON SCATTERING PICTURE
Here we are concerned with the SU(4) case, as above, and we look for the degeneracy pattern in the resonance picture. Following Refs. [8, 10] These equations were first derived in the context of the chiral soliton model [19] [20] [21] [22] where the mean-field breaks the rotational and isospin symmetries, so that J and I are not conserved but the grand spin K is conserved and excitations can be labeled by K. These relations are exact in large N c QCD and are independent of any model assumption. 
One can see a clear correspondence between the first three degenerate multiplets of Eqs.
(32), (33) and (34) and the three towers of states [8, 9] of the excited quark picture provided by the symmetric core + excited quark scheme [14] . They correspond to K = 0, 1 and 2 in the resonance picture. But the resonance picture also provides a K = 3 due to the amplitude s π 322 . As this is different from the other s π KL ′ L , in Ref. [8] it was interpreted as belonging to the N = 3 band.
Here we extend the work of Ref. [8, 9] to ℓ = 3 excited states which belong to the N = 3 band. In Tables I-III we 
and L = L ′ = 6 respectively. Note that the squared sum of the coefficients of every elastic amplitudes πNN or π∆∆ is equal to one. This is due to the sum rule of 6j coefficients
which can be used for a check. The same relation can be used to check that the coefficients of the πN∆ amplitudes sum up to zero.
From the last column of Tables I-III one can infer the following degenerate towers of states with their contributing amplitudes Table I but 
associated with K = 2, 3, 4, 5 and 6 respectively. Here one can recognize patterns of degeneracy similar to those observed in Table II of Ref. [10] . Note that m K of column 2 of that table represents the name associated with the position of a possible pole in an amplitude with K-spin.
We can now compare the towers (36)-(40) with the quark-shell model results of (27)- (29).
The first observation is that the agreement of (36) (K = 2) with (27), of (37) (K = 3) with (28) and of (38) (K = 4) with (29) is perfect regarding the quantum numbers. Second, we note that the resonance picture can have poles with K = 5, 6 which imply the towers (39) and (40). They have no counterpart in the quark-shell picture for ℓ = 3. But there is no problem because the poles with K = 5, 6 can belong to a higher band, namely N = 5 (ℓ = 5) without spoiling the compatibility.
A discussion is necessary for the tower (27) of the quark-shell picture associated with the degenerate mass m ′ 2 . The expression of m ′ 2 is entirely different from that of m 2 obtained for ℓ = 1. This is quite natural from the algebra described in the Appendix. Moreover, in practice, the ℓ = 3 states should lie higher than the ℓ = 1 states (as they include more orbital excitation). In fact the analysis of Ref. [11] suggests that the coefficients c i are expected to depend on the band. If so, some constraints could be imposed on the values of these coefficients to be found phenomenologically, after including 1/N c corrections. For example, the first panel in Fig. 1 We anticipate that a similar situation will appear for every value of K associated with two distinct values of ℓ, satisfying the δ(Kℓ1) rule, for example, for K = 4 which is common to ℓ = 3 and ℓ = 5.
IV. THE EXPERIMENTAL SITUATION FOR RESONANCES WITH ℓ ≥ 3
Here we are essentially concerned with resonances which can be explained as orbital excitations with ℓ = 3. Examples of experimentally known negative parity resonances of this category [23] are indicated in Table IV The SU(6) × O(3) multiplet content of the N = 3 band is [24, 25] For the resonances expected to belong to the N = 5 band the multiplet is only suggested.
To our knowledge, the SU(6) × O(3) multiplet decomposition of this band is not known.
V. CONCLUSIONS
The compatibility between the quark-excitation and the meson-nucleon resonance pictures of negative parity baryons with ℓ = 3 has been analyzed in the spirit of Refs. [8] [9] [10] .
We have found patterns of degeneracy with a common resonance content in both pictures.
This supports the idea of full compatibility of Ref. [10] in the sense that any complete spinflavor multiplet within one picture fills the quantum numbers of the other picture. However formula to the most dominant ones, as for example, the spin and isospin operators described in Ref. [28] for ℓ = 1. This would involve at most four parameters to fit. 
